Convergence of an Adaptive Scheme for the one dimensional Vlasov-Poisson system by Campos Pinto, Martin & Mehrenberger, Michel
HAL Id: inria-00070487
https://hal.inria.fr/inria-00070487
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Convergence of an Adaptive Scheme for the one
dimensional Vlasov-Poisson system
Martin Campos Pinto, Michel Mehrenberger
To cite this version:
Martin Campos Pinto, Michel Mehrenberger. Convergence of an Adaptive Scheme for the one dimen-









   



















ap por t  
de  r ech er ch e 
Thème NUM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Convergence of an Adaptive Scheme for the one
dimensional Vlasov-Poisson system
Martin Campos Pinto — Michel Mehrenberger
N° 5519
Mars 2005
Unité de recherche INRIA Lorraine
LORIA, Technopôle de Nancy-Brabois, Campus scientifique,
615, rue du Jardin Botanique, BP 101, 54602 Villers-Lès-Nancy (France)






















ëÚÛC×ÙÎEÐ ÎÏÖ]Î9ìCÒSß9ÒoÔ§íCÒoÍÙÔ§íCÒzÞÊpÎÏíCèoî$ÊpÎEÐÑÕAÖCÒïkçÊÛCÔoèoÒ+ÜCÝÞßà9áßâ$ãäð]ñÜ]ÝÛCÐ ç+ÒoÍÙ×EÐ ÎÏèÉkÌÖCÐÑ×OéÊ×ÙÎEÒoÖCÍoÜ}â+ÎEÍÏÊ×EË}ÌÖCÍÙò
	
®  *0"$#  AÈ&,+*98!*9$#  
-/,+*0132546+*0*
	
   ¡ d$q¾lp_5sAa!H5mnp}nvu¥¨?{rt$Htps)lv{rmnpu¥{Xqmr¾5tp{¬¥`)abmb3~r_kjlplv{kAu¥srÆlvjmlo¤
np`AaHb	mb­YXlª{%Z¤§y{uxlvlv{qb)lªnS5tp{?{Xlvszb+nz}q«}jklvs±d$q«{Xu¥qZnS+smbq5{nvtpbMaHs+np_5{mmb	b)lªn s){X¥rmnpu¥{Xq




















f(t, x, v) dv − 1 = ρ(t, x) / ±Ñ0
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t → (X(t; s, x, v), V (t; s, x, v))
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f(tn+1) − fn+1u = [f(t
n+1) − S∆tf(t





























f(tn+1) − fn+1 = [f(tn+1) − S∆tf(t
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E(t, x) dx = 0. / m± 0
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K(x, y) = −∂xG(x, y) =
{
y − 1 if 0 ≤ x < y







Ω = [0, 1] × R
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f0(x, v) dx dv − 1 = 0,
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[0, T ]; W m,p(Ω)
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≤ 2, / m±Ñ}0
q / m±A0Y¨©{¥{%¶$lY¨©tp{a / m±)01nv{XbAnv_5b)t¶u¸np_Ènp_5uxlXlon¬?{r5q9± ÈbQmb)tvub3nv_bAq.tvb]lª?b)+nvub)¥j¨©tp{a³nv_5by{uxlplª{Xq / X± 0	}qnv_b ¢ aH«b)tvb / m±]0b]wZr%npu¥{Xql
‖∂xE‖L∞([0,T ];L∞([0,1])) ≤ Q(T )‖f0‖L∞(Ω) + 1
q
‖∂tE‖L∞([0,T ];L∞([0,1])) ≤ Q(T )
2‖f0‖L∞(Ω) + ̄,
¶_u_5tp{%b)l / m±6L0	q / m±B80+±zc${%¶Gu¸¨ f0 ∈ W 1,∞(Ω) µ5b+nvnvuq5
{
(X, V )(s) = (X, V )(s; t, x, v)
(X ′, V ′)(s) = (X, V )(s; t, x′, v′)
and
{
ex(s) = |X(s) − X ′(s)|






|f(t, x, v) − f(t, x′, v′)| = |f0(X(0), V (0)) − f0(X
′(0), V ′(0))|
≤ |f0|W 1,∞(Ω)(ex + ev)(0).
~{XaH5rmnvuq5¨©tp{a / ± 0nv_«%n |ėx(s)| ≤ ev(s) }q
|ėv(s)| ≤ |E(s, X(s)) − E(s, X
′(s))| ≤ ‖∂xE‖L∞([0,T ];L∞([0,1]))ex(s)
¶blªb)b£nv_}n / m±6L0nv{Xb+np_5bAt	¶u¥nv_¾MF£tv{Xqk¶¥:}tprab)qZnjkubAx
(ex + ev)(0) = (ex + ev)(t) −
∫ t
0
(ėx + ėv)(s) ds
≤ (ex + ev)(t) + (1 + C(T ))
∫ t
0
(ex + ev)(s) ds
≤ C(T )(ex + ev)(T )







‖∂tf(t)‖L∞(Ω) ≤ Q(T )‖∂xf(t)‖L∞(Ω) + ‖E‖L∞([0,1])‖∂vf(t)‖L∞(Ω)









b)qZnvux%nvuq5nv_b ¢ aH«b)tvbb]wZr%npu¥{Xq / m±]0¶u¥nv_Ætvb]lª?b)+nnv{ t ±
     9:
=D 
	 











A% Â C Â  ½ %m Â %# ^0{Æ}qkj¾ub)qÈXmb]nvu{qºbAx
F : Ω → R2,
¶bXlvlv{m+ux%npb
nptpqlv«{Xtªn${X«b)tp}nv{t





Fx : (x, v) → (x + v∆t/2, v) / m±ÑmB0
q
Fv(h) : (x, v) → (x, v + ∆tẼ(h)(x)), / 5± X0
ßß ÛTää]ñªå
















h(y, v) dv − 1
)
dy. / m±Ñ - 0
 bnv_bAqÆ¥bAn
Tx : g → g ◦ F
−1









 P 	 nvt}q«lª?{tvn{X«b)tp}nv{Xt










X̃(tn; tn+1, x, v) := x − v∆t + ∆t2/2 Ẽ(Txf(t
n))(x − v∆t/2)






B½  ¯C!D#  #F( 
f0





n)‖L∞ ≤ C(T )∆t
3.
^	_b£tv{k{}¨ul$ubAquqnp_5b}5?bAq«mu¸´:±





½ ¯m !$#D# ^	_5bÆ_5{ux+b{}¨1rlvuq5np_5uxl(npu¥aHb¾lv5¥u¥nªnpu¥q lp_5bAaHbulaH{Xlªnvj aH{}nvu%%npb)¯¬kj u¥npl
lvua¥ux+u¥noj / }q«¾u¸nlYXAAr5tpX+jl$¶bA 0± 4§nlª_{r5xÆ¬«b3bAaH5_Xlªu°Ab]:µ?_5{%b)¶b)t)µnv_}n1nv_b3}mnpu¥XblvX+bÆmulp+tpb+npu¥°]%npu¥{Xq·lp_5bAaHbnv_}nH¶bq5b+´knQmb)lp+tpu¬«b¾AqK¬?b¾}55ub)Knv{.{}np_5bAtnojk«b]lH{}¨$npu¥aHb
5ulp+tpb+npu¥°]%nvu{q«lA± Ä {Xtb+´5}aH5bµm{Xq5b+{Xr5+{Xqlvumb)tHr5q5uxwXrbYnptpqlv«{Xtªn{?bAt%np{t	{}¨nv_5b¨©{Xtva
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YrtMlª«+b$5ulp+tpb+npu¥°]%nvu{qHuxlz¬Xlªb]{q!_5ubAt}t_5uxA}kº«q5u¸npb$bAbAaHb)qXnlA±   6?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 (  # 
  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61, (C0P (
!  B	"!H #=   	  !H	
  	'+* ¶b$¶u¥
A{qlvuxmbAtÆtªnpuAr5x}t+xlpl{}¨}mnpu¥XbHnvtpuq5r5x%npu¥{Xql£nv_«%n(}tpb!lplª{mAu}nvb)nv{ 	' (
0 	'R  (+! }q«È¶_u_ Aq }xlª{Æ¬?bQlªb)bAq lÆ«}tvnvux+r5x}tAXlªb!{¨np_5bQlv{A}b) NoqbA¶b)lªn
XbAtvnvbA´¬ulvb)+nvu{qROMaHb+np_5{m35b)lp+tpu¥¬?b)(u¥q>9 ; / ¶btpb+¨©bAtnv{E9]1;5{Xt 9 H;k¨©{XtaH{Xtvbu¥qm¨©{Xtva!}nvu{ql}¬?{rmn_u¥b)tptp_5uxA«¬«lvb)l0±
HÃ 



























`(α)u¥npl *  	' +b)¥xl$Xl
C(α) :=
{





















 ! !H 
  	' u¸¨u¥n1lv}nvuxloºb]l
Q`0 ⊂ Λ and
⋃
β∈A(α)





C(α) ∩ Λ = ∅
{t
C(α) ⊂ Λ





L(Λ) := { α ∈ Λ : C(α) ∩ Λ = ∅ },










β / lª_tvuq5H%n$b)Xlon{qb£b]mbB0lv}nvuxlo¨©j |`(α) − `(β)| ≤ 1 ±








#(M ′) ≤ C#(M)
¶u¸np_
C
}q¾¬lª{X¥r5nvb+{Xqlon}qZn / lvbAbbAaHa!H5± Huq9Ñ}B;9¨©{Xt$5tv{k{¨0±
ßß ÛTää]ñªå
C   	H   #=+!3     (*   * 	'

		












































































































½ ¯m  #E!D# 4§n(uxl?{Xlplªu¬5bHnv{¾rlvbQ_5u_bAt{Xtpmb)t
Pk
¦}t}qbHu¥qZnpbAtp«{X}nvu{q {?bAt%nv{Xtpl
P kMXlvlv{m+ux%npb)Ènv{¾np_5blp}aHb!nptvux}qr5x%npu¥{Xq9±¾^	_5bAj.b) np{lvu¥aHut3}mnpu¥Xblv_bAaHbQ¶_5ux_ aHu¥X_Xn
bA´m_5u¥¬u¸n¬«bAnªnvb)t	tvb]lªr5¥npluqQ5tnpuAbµZ¬5rmn¨©{t¶_5ux_Q¶b£m{(q{}n_«CbY(lv}nvuxlo¨ÙXnv{XtvjbAtptp{tMq}jmlªuxlA±
 &    
=<    	 A

 b$q5{%¶5tpb)lvbAqZnSnp_5bno¶{aHb)lv_Q}{tpu¥nv_5a!lnv_«%n5?b)}tMu¥qHnp_5b1}mnpu¥Xb1lv_bAaHb± (   *=!
K0  *
K*+ 6 	'K#,H!'*F6?  6 B!	(
	 J    0 	'R  (* 	'   *     !E !
#,(  2  bQ¬?bAXu¥q ¬kj u¥qZnvtp{mmrAu¥q5no¶{Æ¨©r5q«nvu{q«}xlnv_«%n(5xCj.Æ}t}aH{rqXntp{b!uq nv_5b5b)lvu¥Xq{¨0nv_bab]lª_b)l)±
 Ù] } ½  ½    	5m ½ # 4êq.{tmb)tnv{¾r«}t}qZnvb)blva!}zu¥qZnpbAtp«{X}nvu{q.bAtptv{Xtpl)µ:¶b!¶u¥Mq5b)b)Ènv{






µ(g, M) := sup
α∈M






g ∈ W 2,1
±^	_5uxl1wZrqXnpu¸noj¶u¥


















‖g − PMg‖L∞(K) ≤ Ccurv(g, α). / - ± 0
 b?{Xlªnv?{q5b£nv{   ±Ñnp_5b5tp{k{}¨{¨np_5uxlb)lªnvua!%nvbX±
ßß ÛTää]ñªå
)   	H   #=+!3     (*   * 	'

		
  ½     ½ Ã B  ]   Ù ½   À  Â   # 4êq«}t}¥b)0¶u¥nv_¾np_5b({mA}+rtv%%npr5tpb)l)µ¶b(¶u¥q5bAb]Ænv{
A{qZnvtp{:Hlvb)+{XqwXr«}qZnvu¥nojµmqaHbAj
π(g, M) := sup
α∈M
2−2`(α)|g|W 1,∞(α). / - ± - 0
 bq5{%¶=mb)lp+tpu¥¬?b£nv_5ba!u¥qaHb)lv_Æ¥X{tpu¸np_5a!lA±














µ(g, Aε(g)) + ∆t π(g, Aε(g)) ≤ ε. / - ± - 10
hmu¥qAb£nv_5uxluxl$_5ubAXb)¬Zjl ² uq5nv_«%n








¨©{t	¶_5ux_ / - ± - 0m{kb)lq5{n	_{xQuxltpb+º«q5b)u¥qZnv{u¥nplQ¨©{r5t_5u¥xmtpbAq AbAl)µ$}q·np_5uluxl!«b)tª¨©{XtvaHb]tvb]+r5tlªub)¥jXµlv{.nv_«%nQnp_5btpb)lvr5¥nvuq5
Ãε
ulQnv_5b






























` \ { α ∈ C(β) : `(α) = `, C(β) ⊂ L(Λ
a
` ) and ν(g, β) ≤ ε/2 }
rnp{
M̃ := Λa`0
±3^	_ul¥X{tpu¸np_5a/+b)}tpjXr}t}qZnpbAb)l / - ± - 60£}q !'*+    76G! R! :	'K*+E	' P    K*+"	'H! P @#,H!'*+
! / lªb)b}t}Xtp5_ - ±Ñ}q   L0±







µ5{Xq¶_5ux_  6? EB!, @	'  *	H	'	
	H! P  	'#  *E  




 ! 76? / ¨©{t£Q5tpb)Aulvb(lªnp}nvbAaHb)qXn{¨	nv_5uxl(uaH«{Xtªn}qZn(5tp{?bAtvnojµ¶bQtpb+¨©bAt(nv{A{tp{tvj± }q.bAaHa!¾«±¥ - 0±Èhknvtpu+nvj.lv?b) ² uq5µ
T(·,F)
 !:   nptpqlv«{XtªnQ{X«b)tp}nv{t]µlvuq+b¾np_5bq5b)¶ ab]lª_b)lQ¥¶	CjmlH¬«b)¥{Xq5.nv{.np_5b+xlpl!{¨
XtpXmb)mjXXmuxYwZrXmtpq5r}nvu{ql)µX¬rmnu¸n  1! P 3nvt}qlv«{Xtªn	{?bAt%np{t]±^	_b£aHbAnv_5{mu¥q«mbAb]





 6 	'  B   
M
¬?bnv_5buqZnvb)bAt

























` ∪ { β ∈ C(α) : α ∈ Λ
t
`, `
















      
=   <		  		  
='<	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n, fn) → (Mn+1, fn+1).
Ä {tnv_5blp ² b1{}¨0lvu¥aH5uAu¸noj!¶bYlv_¥?¶tvu¥nvbYu¥qnv_5blvb)wZr5bA
fn+1 = S∆t,εf




  ½  ÙÏ   m  Â  ) ½ ;# d1lvu¥q5Ènv_bÆX5}5nvu{qK¥X{tpu¸np_5a
Aε
µM¶_5ux_A}q·¬«bÆkubA¶b)KXl3
#  	'H!!H( 	H K*R# µ?¶bmbAºq5bnv_bºtplªn$lª{X¥r5nvu{q}ut
(M0, f0)
Xl
M0 := Aε(f0) and f




ε : g → PAε(g)g
±
  ½  Â 0A ½ H5Ã  






1 := PMn1 Txf





v ) and f
n




1 / - ± - %¬0
Mn3 := Aε(f
n
2 ) and f
n
3 := PMn3 f
n
2 / - ± - }10
Mn+1 := T(Mn3 ,Fx) and f
n+1 := PMn+1Txf
n























1L   	H   #=+!3     (*   * 	'

		
  ½  ½  Ù   ½  ½  A Ù   ½ ÏÃ
En
Ã   ½ 5Ã 	 ½  } Â   ½ ÙÃ
Fnv
# $%np_5bAt£nv_«}qÈlªnvtpuxnvj





















 ( 6? !,   (+! µq
Ẽ(g)
¬«b)u¥q!q5{}n$5ub)AbA¶uxlªb !q5b / bAXbAqÆu¥¨ g uxl0+µ5np_5blplª{mAu}nvb)nptpqlv«{Xtªn{?bAt%np{t
Tv(g)
m{kb)lq5{nz5tvb]lªb)tvXbMnp_5b5ub)AbA¶uxlªb !q5blªnvtprnpr5tpb±^	_5b$lªb]+{Xq(tpb)Xlª{Xq



















Ẽn(x) = Ẽ(fn1 )({x}) + {x}[Ẽ(f
n
1 )(0) − Ẽ(f
n
1 )(1)] / - ± - L0
¶_bAtpb
{x}























Fnv : (x, v) → (x, v + ∆tE
n(x)),
¶_u_Ælª_{r5x¬«blvbAb)qXlA{tptvb]npu¥{Xq{}¨
Fv(fn1 ) : (x, v) → (x, v + ∆tẼ(f
n
1 )(x)).
½ ¯m  #  #¢ 55jZuq5






1 (y) dy =
∫ 1
0
yρn1 (y) dy −
∫ 1
xi
ρn1 (y) dy, / - ± - 0














#(Γn) ≤ #(Mn1 )
µu¥n¨©{X¥{%¶$l£¨©tv{Xa / - ± - 0£np_%n(55jku¥q5 T nv X_5u¥b)b]l¾+{aH5r5np%npu¥{Xq}A{Xlªn{}¨{Xtp5bAt
#(Mn1 )
±




±$}nv_5b)tlªrtv5tpuqlªuq5X¥jXµ:nv_5uxluxl}xlv{b)qlvr5tvb]¬kj / - ± - L0± ¢ la!%nªnpbAt{¨¨ÙXn]µ5¶b_CXb
(Ẽn)′(0+) − (Ẽn)′(0−) = Ẽ(fn1 )




fn1 (0, v) − f
n










  Â Ï A   Xm Â  
v

























En / }«}tvn¨©tv{Xa&np_5b¨ÙXn1np_%n£u¸nlv{5tp{%Zuxmb]lza!%´mu¥a!lªu°Ab{¨Onv_5b1A{aH5rmn%npu¥{Xq}5aHb]lª_ 0zlSu¥nM¶u¥?}5?b)tz¬«b)¥{%¶±^{tvb)ab]mj
np_5uxl5tp{¬5bAaÆµm¶b£b+n
Qn := Q(0) + 2n∆t
}q«Qnp_5bAq
Q̂n := 2
−`0(d2`0Qne + 1) ≥ Qn + 2



















0 if |v| > Q̂n + 2−`0
g(x,−Q̂n)(Q̂n + 2−`0 + v)2`0 if − Q̂n − 2−`0 ≤ v < −Q̂n
g(x, v) if − Q̂n ≤ v ≤ Q̂n
g(x, Q̂n)(Q̂n + 2
−`0 − v)2`0 if Q̂n < v ≤ Q̂n + 2−`0
/ - ± Z0
dYlªuq5nv_5uxlH{?bAt%np{t]µ¶blv_¥	b)lªnp¬5ulv_¯uq   ¾nv_}nQ}qkj.qZrab)tvuxAlv{rmnpu¥{Xq¯_l3u¥nplHlªr5«{Xtªn
¬?{rqmb)¬kj
Σ̃v := Q(0) + 2T + 7 · 2
−`0 ≤ Σv(f0) + 2T + 7. / - ±  - 0









Ω̂n := R× [−Q̂n, Q̂n]
l¶b)¥Eµklªuq+b
Ωn ⊂ Ω̂n
¨©{{%¶$lS¨©tp{a / - ± «60±

























(PMg)|Ω̂n = PM (g|Ω̂n), (Txg)|Ω̂n = Tx(g|Ω̂n) and (Tng)|Ω̂n = g|Ω̂n . /
- ± Z0
    	    <D 9
21bAtpb$uxlz{rt  	H(	H     	H	'	 
! #,  ¬?b+no¶bAb)qHnv_5b£5mnvub$lv{rmnvu{q«lM}q«nv_5bYb+´5+nM{q5b]lA±
ßß ÛTää]ñªå
 D   	H   #=+!3     (*   * 	'

		
  ½kÂ  ½   # D#(   *C  (  
f0 ∈ W 1,∞(Ω)∩W 2,1(Ω)
#,
!=K*+=* + *H!H !  K*+	'#
G 2 ,7* K*+ 
	=  . R #  T = N∆t K*+	'Q ! "!   C = C(T, f0) 








‖f(T )− fN‖L∞ ≤ C (∆t






ε1/2 ≤ ∆t ≤ [8(Σ̃v‖f0‖L∞ + 1)]
−1, / - ± R80
6? K*
Σ̃v
1. ,  / - ±  - 0 2






±?4êq¾X5mu¥nvu{q9µm¶b{¬lvbAtpbYnv_}n$¬}x}q«+uq5 / - ± L0ub)l ε = ∆t3 }q«
‖f(T )− fN‖L∞ ≤ C(T ) ∆t
2 = C(T ) ε2/3.
¢ laHbAqZnvu{q5qb) u¥q np_5b!u¥qZnptv{mmr+nvu{q9µ9nv_5b!5tp{k{}¨{}¨nv_5b){tpbAa - ± 8uxl¬lvb) {q.mb]+{aH?{Xlvu¥q
np_5bqkr5aHbAtpu)}ObAtptp{t	u¥qZnp{
f(tn+1) −fn+1 = [f(tn+1) − S∆tf(t
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eu ≤ C N




























q5{tpaÆ±  buqmbAb]Æ¥{k{ ² ¨©{t
np_5blvaH¥b)lªn«{Zlvlvu¬5¥baHb)lv_¾lªr«_np_%n
‖g − PMg‖L∞(K) ≤ C|g|W 2,1(K) ≤ Cε, / - ± X0













N ≤ C|g|W 2,1(Ω)ε
−1. / - ±Ñ}0
^	_bAtpb+¨©{tpbµtv{%kuxmb) np_%n¶b A}q65tv{%Xb¾nv_«%nnp_5b
W 2,1
q5{tpa / {ttp}nv_5b)tu¥npl¶b] ² b)tplvu{q5b+ºq5b]¾¨©r5tvnv_bAt£¬Zj / ±Ñ%00{¨znv_b3qkr5aHbAtpuxA}lv{rmnvu{qtpbAa!u¥ql1¬«{Xr5qmb]:µ:¶b(¶{r5x¾{¬5np}uqqb)tvtp{tb)lªnvua!%npb{}¨0np_5bnojk«b
ea ≤ C N
−2/3. / - ±ÑmB0






































g ∈ W 2,1
µ
¨©{Xtu¥q«lon}qAbµmu¥n$ul$lv_5{%¶q¬«b)¥{%¶Gnv_}nu¥q5b]wZr}u¸noj / «± X0_5{x5l¶u¥nv_
|g|X,M = sup
K∈Mt
|g|W 2,1(K). / ±Ñ - 0
ßß ÛTää]ñªå
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}5tv{C´muaH}nvu{ql)µ]¶b¶{Xr5¥u ² bSnp{£55ju¥q5b]wZr}u¸noj / ±Ñ09nv{1nv_5b¨©r5q+nvu{ql{¨
V
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u¥qkX{b)u¥q / - ±Ñ D 0¬Zj







 @  	HB 	 {¨
g






















γ / r5Qnv{u¥npllªuq 0+µX¶b1)}q!{¬«lªb)tvXbnp_%nnv_5b£+{XqXnpu¥qkr5u¥noj{¨
g
jkubAx5l
[∂xg]γ nv = [∂vg]γ nx / ±Ñ80q_5bAqAb










|g|?(ω) ≤ |g|W∗(ω) ≤ 3/2 |g|?(ω). / ±Ñ}0


















δγ / ± L0
q3¨©tv{Xa / ±Ñ D 0+µX¶b$lªb)b	nv_}n |g|?(ω) = |γ| ∣∣[∂xg]γ nx +[∂vg]γ nv∣∣. ^	_5b1¥bA¨ÚnMu¥qb)wZr}u¥noj({}¨ / ±Ñ}0uxl1nv_5b)q{¬kku¥{Xrl)± ¢ lplªr5aHuq5Qnp_%n







































¶_bAtpbnv_5bº«tplªn1b)wZr¥u¥nojuxl / ± L0+µnp_5b(lvb)+{Xq{q5buxl / ±Ñ80$}qnv_bXlon9 ;uxl / ±Ñ D 0A±^	_ultv{%Xb)lMnv_5btpu¥X_Zn	uq5b]wXr«}u¸nojQ{¨ / ±Ñ}0	}q+{Xa¥bAnvb)lnv_5b5tp{k{}¨o±
d
γ1 γ2
a b c a b
c
Ä urtvb - 7no¶{nojZ?b{}¨b)mXb)l¨©{Xt$+{aH5r5nvuq5!mulp+tpb+npb+r5tp%%nvrtvb]lA±















tpbA5tpb)lvbAqZnpb)Q{Xqºr5tpb - µ ¢ )+{tmuq53nv{ / «± LX0µ5¶b_Cb£np_5bAq
|g|W∗(γ) = µg(γ) =
{
|g(a) − 2g(b) + g(c)| if γ = γ1
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 bºtlontpb))}9AXlvlvuxA}:55tp{C´kua!%npu¥{XqQtvb]lªr¸n]±
B½  ¯   #   Â     O ½   Â Ù5 Â  ½ C Â 7#  	" @ 	H(  
K
 @
g ∈ W ∗
*K*+










 B!  * !'*++ 
K
*    Q: ! !H1 2
Q	'6 2 ^	_ulYb)lªnvua!%nvb(ul£Q+xlplvu)}9º«q5u¸npb(b)¥b)ab)qZnYtpb)lvr5¸n]± 4§nplY5tp{k{}¨Stvb)¥ub)l1{qÆno¶{Qa!}uqlªnvbA«l7np_5bºtlon{Xq5bul	np_5b+{XqZnvuqZr{rlbAa3¬«b]5muq5
‖g‖L∞(K) ≤ C‖g‖W 2,1(K), / ± LX0
q.np_5blvb)A{q¯{q5bul(nv_5bb)wZr5u%}bAqAb¬?b+no¶bAb)q
‖g − PKg‖W 2,1(K)
}q«







gη = g ∗ ρη ∈ W 2,1
lª_5{%¶$l
np_%n / ± L560	lv{H_5{x5l)± Ä u¥q¥jµ{q5bb]lvu¥j_5b] ² nv_5buqk%}tpuq+b£{}¨ C ¬ZjQnv_5buxlª{nvtp{5uxlv)}u¥q
Kλ = λK
rlªuq5nv_b_}q5Xb{}¨%tvux}¬5b
gλ(x, v) = g(x/λ, v/λ)
±








ub)q·¬kj / - ±Ñ D 0+±=¦0b+nrlQ¶tvu¥nvb¾np_5uxlQlQA{tp{tvjX±
  Â  Â Ùm ¿   #   5Ã 
	 ½  O ½   Â Ù5 Â  ½ ] Â  #  	  Q	 #,H!'*
M
C
g ∈ W ∗
*
K*+ ( 6? !









!   +!H  2
½ ¯m  #$# d1lvu¥qYnp_5uxlzlªuaH5bb]lonpu¥a!}nvbµ¶blvbAbnv_}nSnv_5buq5u¥nvux}mqkr5aHbAtpuxA}5lv{rmnpu¥{Xq
f0
ub)q





|g|W 1,∞ := ‖∂xg‖L∞ + ‖∂vg‖L∞.
 blv_}$r5q«mbAtp¥uq5b¾np_%nnv_5uxluxl!q5{n}qÇ{X¬kZu{r«lH5tv{X«b)tªnojXµ¨©{tQu¥nuxlQq5{nlv}nvuxloº«b) ¶u¸np_6}qkj
X5}5nvubYnvtpuq5r5x%npu¥{Xq9±
B½  ¯  #  B  ]   © Ã   Ù    #  	"  #,H!'*
M
 M
g ∈ W 1,∞
*? *    	+$


































































|PMg|W 1,∞(K) = ‖∂xPMg‖L∞(K) + ‖∂vPMg‖L∞(K)
≤ max(|∂xPMg|K + ∂vPMg|K |, |∂xPMg|K − ∂vPMg|K |)








%´muxlA±Sd1lvuq5nv_5b)q / ± LX0+µ5¶b£_«Cb£u¥q¾}qkj)lvb
|PMg|W 1,∞(K) ≤ |g̃|W 1,∞(K) = max
i=1,2
|g̃|W 1,∞(Ki) ≤ maxi=1,2
|g|W 1,∞(Ki) = |g|W 1,∞(K)
¶_u_Æ+{Xa¥bAnvb)lnp_5b5tp{k{}¨o±
 bºq¥jlªnp}nvb£nv_5b¨©{X¥{%¶uq5H¥b)aa!µm¶_5u_Æ5tp{k{}¨m{kb)l	q5{n	t}uxlvbqkjQ}tvnvux+rt	5u Q+r¸nojX±















µ(PMg, M) ≤ Cµ(g, M) / «± LL0
π(PMg, M) ≤ Cπ(g, M) / «± LR80
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B½  ¯   # # ( 
g
 ! ( 6? !
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α
|Txg|W 1,∞(α) ≤ (1 + ∆t/2) |g|W 1,∞(F−1x (α)) /
± L D 0
|T nv g|W 1,∞(α) ≤ (1 + ∆t|Ẽ
n|W 1,∞) |g|W 1,∞((Fnv )−1(α)) / ± L0
|Txg|?(α) ≤ (1 + ∆t/2)
2 |g|?(F−1x (α)). /
±P8%0
(  *   ( *
α











|T nv g|?(α) ≤ (1 + ∆t|Ẽ
n|W 1,∞)
2|g|?((Fnv )−1(α))













Q	'6 2 4êq {tmb)t1np{Ælªnvr«mj¾¬«{nv_ Tx }q T nv }nnv_5b!lp}aHb(npu¥aHbXµ9¶bHlv_}z+{Xqlªuxmb)t)µ?¨©{tub)quqZnvb)tv?{x%npu¥{Xqtpux
Γ ⊂ R
}q«3¨©r5q«nvu{q
G̃ ∈ W 2,∞(R)
µmnp_5bb)q5bAtpuYnptpqlª?{tvn	{?bAt%nv{Xt
T = T (Γ, G̃) : g → g ◦ F−1 / ±P8 - 0
Xlvlv{m+ux%npb)!np{nv_5bXmb]nvu{qºb)

























G(x) = G̃(x) = x∆t/2
¨©{XtYqZjtpux
Γ




















Xlvlv{m+ux%npb)b)mXb)lSuqZnv{np_5tpbAbnojk?b)l670np_5{Xlvb / u ² b γ1 uq!ºrtvbR0¶_5ux_Q+{aHb¨©tp{a XbAtvnvuxA}mb]mb{¨0lª{XaHb
K ∈ M ′t
µXnv_5{Zlªb / u ² b γ2 0S¶_u_A{aHb¨©tp{aq5{Xqm¤§bAtvnvuxA5b)5b1{¨0lª{XaHb Ki µmqnv_5{Zlªb/ ¥u ² b γ3 0¶_5ux_A{aHb£¨©tv{Xa&3bAtvnvuxAOb)mXb£{¨lv{aHb Ki ¬5rmn1tvb£q5{}n{¨0nv_bYº«tplªn	nojZ?b± Yqb)X_ !q5b5u¥b]+b{¨
T g
µ5¶b£_«Cb
D(T g)(x, v) = (∂xg − G
′(x)∂vg, ∂vg) (F




|T g|W 1,∞(α) ≤ (1 + ‖G
′‖L∞) |g|W 1,∞(F−1(α))
¶_u_Qtv{%Xb)l / ± L D 0}q / ± L0±S¦9bAnq5{%¶ γ ¬?bY}qb)mXbYlplv{kAu}nvb]nv{ T g lvr_!np_%n γ ∩α 6= ∅ ±4§¨u¥n$ulHlvb)+{XqnojZ?bb)5bµm¶blªb)bnv_}n	nv_5b{Xq5¥j|or5aH¾u¥q / «± 80	+{XaHb)l¨©tv{Xa D(g) µlª{3nv_«%n
‖[D(T g)]γ‖ ≤ (1 + ‖G
′‖L∞) ‖[D(g)]F−1(γ)‖, / ±P8L0
q!u¸nvnvbYXbA{XabAnvtpj3lv{lª_{%¶$lSnv_«%n




np_5b	|or5aHÆu¥q / ±P8}0q5{%¶=+{Xab]l¨©tv{Xa G′ µlª{np_%n














G′_«Cb1|ora¾uq / «± 80+µ5lv{nv_}n


























|γ ∩ α| ‖[D(T g)]γ‖




|λ ∩ F−1(α)| ‖[D(g)]λ‖
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|(Ẽn)′′(x)| dx ≤ 5 · 2−`(α)|Ẽn|W 2,∞ ,
qnv_5bbAaHa!Hul	tv{%Xb):±
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v )) ⊂ Nx(M). / ± D 0
(  *
	 6 	B!K*3K*+ K#,
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v )) ⊂ Nx(M). / ± D 10
F£ub)q(AbA







































  5   Á m%Ã   ½   ½  ½ I# F£ub)qÆHmjZmux+b)¥
α
µ¶b¥bAn
B(M,F , α) =
{







B½  ¯   #1%D# 3	'1(>K*+




‖G̃′‖L∞ ≤ 1/2, / «± D- 0









M 2 ( ) (*6 C*+B
`(β) ≤ `(α) + 2, for any α ∈ T(M,F) and β ∈ B(M,F , α). / ± D 0
^	_b£tv{k{}¨ul$ubAquqnp_5b}5?bAq«mu¸´:±



















lªnp¬5u¥u¥nojQ+{Xqmu¥nvu{q / - ± R80Muqnv_5ba!}uqnp_5bA{Xtvb)aÆµZ¶_u_ul   Q~ Ä ¦nojk?bA{q5u¸npu¥{Xqlvu¥q«+b£nv_5btpb)lªnvtpuxnvu{q{qnv_bYnpu¥aHb(lªnvb)uxluqmb)«b)qmbAqZn${Xqnp_5blª«+bmuxlp+tpb+nvu°)}nvu{q9±
^	_blvb)A{q¾tv{X«b)tªnoj{}¨znp_5bHaHb)lv_¾nvt}qlv?{tvnY{?bAt%np{tYulYnv_«%nu¸nm{kb)l£q5{n£uq+tpb)Xlªbnv_5b{tmbAt
{¨A{aH5b+´mu¸nojX±
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tvb5b+ºq5b]Çuq / - ±  D 0q / - ± - 0µY¶b¥bAn¨©{tÆ}qkj
g ∈ V ⊂ W ∗ ∩ W 1,∞
ν(g, M) := µ(g, M) + ∆t π(g, M) = sup
α∈M
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n∆t ≤ T 2  *+@	'+!	H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n, Mn1 ) ≤ C ν(f














n+1) ≤ C ν(fn3 , M
n







. / ± 5B0







Q	'6 2 hmu¥qAb+{Xqmu¥nvu{q / ± 510jZubAx5l
∆t max(1/2, |Ẽn|W 1,∞) ≤ 1/2,
¶b_CbY¨©{t$qkj
α ∈ T(M,Fx)




≤ 9/4 #(B(M,Fx, α)) µ(M, g) ≤ C µ(M, g),
¶_bAtpbMnp_5bMº«tplªnSu¥q5b]wZr}u¸nojuxl / «± 8}0µ%np_5b	lªb]+{q«{qbM¨©{X¥{%¶$l¨©tv{Xa nv_5b	mb+º«q5u¸npu¥{Xq3{¨ B(M,Fx, α) µnp_5bnp_5utpÆ{Xq5b¨©tp{a ¥b)aHaHQ±}µ?qÆnp_5b(xlªn1{qb¨©tv{Xa / ± D 0+±YhkuaHu¥x}tp¥jXµ¶bºq«Æ¨©tv{Xa / ± L D 0q / ± D 0nv_}n









µ(T(M,Fx), Txg) ≤ Cµ(M, g) and π(T(M,Fx), Txg) ≤ Cπ(M, g),
q_5bAqAb





¶_u_Qb)X5lSnp{ / ± DD 0}q / ± 0±S^0rtvq5uq5(nv{np_5b v ¤êmutvb]nvu{q«}5nptpqlv«{Xtªn]µ¶b$ºtlon	_5b) ² ¨©tp{abAaHa!«± £np_%n
Mn2





1 |?(α) ≤ 9/4 |f
n
1 |?((Fnv )−1(α)) + 5 · 2
−2`(α)∆t|Ẽn|W 2,∞ |f
n
1 |W 1,∞((Fnv )−1(α))
≤ 9/4 #(B(Mn1 ,F
n






































3 := PMn2 f
n
2






1 := PMn1 Txf
n,























3 ‖L∞ ≤ · · · ≤ ‖f
n‖L∞ ≤ · · · ≤ ‖f0‖L∞ . / m±  - 0
  Â  ½ Â %Ã ½ C Â  K  © Ã ½ #'¢ lºtlonnvtpuZux}+{q«lªb]wXrbAqAbµ9¶b!lªb)bHnv_}nnv_5b!qkr5aHbAtpuxA}
b)tvtp{tuxlr5q5u¥¨©{tpaH¥jQ¬?{rqmb)
en ≤ ‖fn‖L∞ + ‖f(t
n)‖L∞ ≤ 2‖f0‖L∞ . / m± }R0
~{Xqmu¥nvu{q / - ±  80u¥aH5u¥b]l ε ≤ ∆t ≤ 1 µ5}qlvu¥qAb1np_5buqXnpbAtp«{X}nvu{qbAtptv{Xtplb)lªnvua!%nvb]l}tpb£¬«{Xrmn
ε
µ5¶bAqÆlv{Hlplªr5aHbnp_%n
ε ≤ en / aH{tpb5tvb]+uxlªb)¥jXµmtvb)5x+uq5 en ¬kj max(en, ε) u¥qnv_blªb]wXrbA¶u9q5{}n$_q5bYnv_btvb]lªr5¥npl0µ«lª{nv_«%n¶blv_¥:rlvb
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 Â C¯  Â OA Â A#  btpb))}	nv_}nHnv_5blv{}¨Ún!nptvr5q«A%npu¥{XqK{X«b)tp}nv{t
Tn
_XlH¬«b)bAqÇmb+º«q5b) uq
/ - ± Z0nv{ A{qZnvtp{nv_5bÆlvr55?{tvnHuq¯np_5b v mutvb]nvu{q0± 4êq·tªnpuAr5x}t]µ¨©{t!Xu¥XbAq·ab]lª_ M }q5bAqlvu¸noj
g
µm¶b{q5jQ_CXb
Σv(PMg) ≤ Σv(g) + 2
−`0 ,
¶_5u¥b
Σv(Tng) ≤ Q̂n + 2
−`0 ≤ Qn + 3 · 2







3 ) + 2
−`0 ≤ Σv(f
n
3 ) + 2
−`0 ≤ Σv(f
n






1 ) + 3 · 2





1 ) ≤ Σv(Txf
n) + 2−`0 ≤ Σv(f
n) + 2−`0 ≤ Qn + 7 · 2
−`0 ≤ Σ̃v / m± 80
/ ¶btpb))}Onv_}n Σ̃v := Q(0) + 2T + 7 · 2−`0 0+±
 Â  Ã  Â   ½  ½  Ï   ½  ½  }A Ï    ½ ÏÃ  5] Â  ½  # SMwZr5u5?b)¶u¥nv_ / 5±  - 0}q / 5± R80µ¶b_Cbºtlonb]lonpu¥a!%npb£¨©{t	nv_bqZrab)tvuxA:bAb)+nvtpuYºb):±zcY}aHbAjµ¶blvbAb£¨©tv{Xa / 5±  - 0nv_«%n
















1 ‖L∞ + 1 ≤ Σ̃v‖f0‖L∞ + 1,
q¨©tv{Xa / - ± - L0µmnp_%n
|Ẽn|W 1,∞ ≤ 2|Ẽ(f
n
1 )|W 1,∞ ≤ 2(Σ̃v‖f0‖L∞ + 1). / m±  D 0
^{Xb+np_5bAtz¶u¥nv_+{q«mu¸npu¥{Xq / - ±  8B0SuaH«{Zlªb]!{q ∆t µZnv_5uxlb)lªnvuaH}nvb1¥{%¶$lSrlMnv{3}55jH¥b)aHaH± - ±




n, Mn1 ) ≤ ν(Txf
n, Mn1 ) = ν(Txf
n, T(Mn,Fx))












≤ C ν(fn−13 , M
n−1





≤ C ν(fn−12 , M
n−1





















qlªuq+b / m± 0_5{Xl¨©{t1qZj n µ¶b}xlv{_«Cb
‖(I − PMn
3




3 ‖L∞ ≤ C ε. / 5±¥]X0
  ) Km !  ½ Ï5   Â S  Â 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np{ / 5± D 0µZb)wZr}5nv{ ‖f(t)‖L1 = 1 ±^	_5uxlzuxlzq5{nznv_b1AXlªb¶u¥nv_Hnp_5b$qkr5aHbAtpu)}lv{rmnpu¥{Xql / tpbAaHb)a(¬?bAtnp_%nnp_5buqXnpbAtp«{X}nvu{ql	tvb£q5{}n1A{qlvbAtp%%npu¥Xb10µk¬5r5n$¶b_CXb
∣
∣‖fn1 ‖L1 − 1
∣
∣ ≤ ‖fn1 − Txf
n‖L1 + ‖Tx(f























≤ Σ̃v(ε + e
n) ≤ 2Σ̃v e
n








uxl95tpb)AulvbAj3X±0^	_5bSno¶{$xlªn9u¥qb)wZr}u¥nvub)l:¨©{X¥{%¶È¨©tv{Xa / m±)0 }q / m± X0+µCtvb]lª?b)+nvubAj±
 Â 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  Â    ½  ½  Ï   ½  ½  }A Ï    ½ ÏÃ  mC  Á(Â 7# ^r5tvqu¥q5È}Xu¥q np{nv_bbAb)+nvtpu
º«bAx:µ5¶blvbAb£¨©tp{a / m±Ñ - 0	qnv_5b¬«{%Xb£b]lonpu¥a!}nvb / 5±¥] - 0nv_«%n
‖Ẽ(fn1 )‖L∞ ≤ ‖f
n

















































≤ 2 + 4Σ̃v e
n. / 5±¥]X0
 b¶u¥}xlª{qbAb)¯nv_5b¨©{{%¶u¥q5Èb)lªnvua!%nvb]l(uq¯np_5b¾lªb]wZr5bA7!u¥qKnv_5bºtlªn35xAbµS¶b_CXb!¨©tp{a
/ m±Ñ - 0
‖Ẽ(Txf(t
n)) − Ẽ(fn1 )‖L∞ ≤ ‖Txf(t
n) − fn1 ‖L1 ≤ C(T ) e
n, / 5±¥]L0
¶_bAtpbMnp_5blªb]+{q«uq5b)wZr¥u¥noj¨©{¥{%¶$l¨©tp{a np_5b	b)lªnvuaH}nvb]luq / m±) - 0+±54êqnp_5blªb]+{Xq5xAbµ / - ± - L0q / m±)0}xlª{HXu¥Xb
‖Ẽ(fn1 ) − Ẽ
n‖L∞ ≤ C(T ) e
n, / 5±¥]80
ßß ÛTää]ñªå













































|xi+1 −xi| ≤ 2−`(α)
µmlª{np_%n	rlvu¥qnv_b1r5q5u¥¨©{tpa
¬?{rq{qnv_5bqkr5aHbAtpuxA}9lvr55?{tvn / 5± R80µ5¶b+{Xarmnvb




1 ) ≤ C(T ) ε, / m±) D 0
lvuq+bu¥n$ul$lvbAb)q¨©tp{a&¥b)aa!H«± 8(}quq5b)wZr¥u¥noj / m± 0np_%n
ν(fn1 , M
n
1 ) ≤ C ε. / 5±¥]0










3 ‖L∞((Ω̂n+1)c) ≤ ‖f
n
3 ‖L∞((Ω̂n+1)c)



















µm¶b{¬lvbAtpbYrlvu¥q5 / - ± 10q / 5±¥]X0nv_«%n
|v − ∆tEn(x)| ≥ Q̂n+1 − ∆t‖E
n‖L∞ ≥ Qn + 2
−`0 − 4∆tΣ̃v e
n ≥ Qn,









n‖L∞((Ωn)c) + ‖(I − PMn1 )Txf
n‖L∞
≤ ‖fn‖L∞((Ωn)c) + Cε ≤ e
n + Cε.
/ 5±¥X)0








































1 ‖L∞ = ‖∂vf
n
1 ‖L∞









1 ‖L∞ ≤ ‖∂xf
n


















≤ |fn1 |W 1,∞ [1 + C(T )∆t] + C(T ) e
n.
/ 5±¥X]0
¢ )+{Xtpmuq5!np{np_5bH¦9ulv_u¸np°muaHu¥qulv_5uq55tp{?bAtvnoj / «± L01{}¨znp_5b3uqZnvb)tv?{x%npu¥{Xql$np{Xb+nv_bAt1¶u¥nv_b]lonpu¥a!}nvb / «± L D 0µ5¶b£ºq¥j_CXb
|fn+1|W 1,∞ ≤ |Txf
n
3 |W 1,∞ ≤ (1 + ∆t/2)|f
n
3 |W 1,∞





≤ (1 + ∆t/2)(1 + C(T )∆t)|fn1 |W 1,∞ + C(T ) e
n
≤ (1 + C(T )∆t)|Txf
n|W 1,∞ + C(T ) e
n
≤ (1 + C(T )∆t)|fn|W 1,∞ + C(T ) e
n.
/ 5±¥X - 0
 Â  Ã  Â   ½  ½  Ù   ½  ½  A Ù    ½ ÙÃ  mC(   ½k½ 7# d1lvu¥q5}Z}uq / m±Ñ - 0z}q« / - ± - L0µ¶blªb)b£nv_}n
|Ẽn|W 2,∞ = |Ẽ(f
n


















1 |W 1,∞ ,
qu¸n¨©{X¥{%¶$l¨©tv{Xanv_bu¥qlvuxmbu¥q5b]wZr}u¸npu¥b]l{}¨ / m± - 0np_%n
|Ẽn|W 2,∞ ≤ C(T ) (|f
n|W 1,∞ + e
n). / 5±¥XAR0

















≤ C(T ) (1 + |fn|W 1,∞) ε.
/ 5±¥X]0
ßß ÛTää]ñªå
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 ÙÃ ½½ C Â =# SMwZr5u5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u¥nv_nv_5b(tvu{tpu¬?{r5q«5l¨©{tnv_5b£u¥qZnpbAtp«{X}nvu{qQb)tvtp{tl / 5±¥]0¤ / m±)Z0	}q / 5±¥X]0+µ5¶bq5{%¶6¨©{m+rl{Xq
enin := ‖f(t
n) − fn‖L∞(Ω̂n). /
5±¥X6L0
Ä utplªn{}¨S}Ïµ¶b{¬«lªb)tvXb1¨©tp{a / - ± Z0np_%n Tn+1 m{kb]l	q5{}n15«b]}tuqnv_5btpb)lªnvtpu+nvu{q{}¨ fn+1 nv{
Ω̂n+1
7





¢ lMq5q5{rq+b]3uqQlvb)npu¥{Xq - ± 5µZ¶b¶tpu¸npbnv_b$u¥q«lªuxmb$b)tvtp{tnpbAtpa / m±6L0Mlnp_5b1lvr5a {}¨Onv_5tpbAb1bAtptv{XtnpbAtpa!l7 / u 0np_5bnvuaHbmulp+tpb+npu¥°]%npu¥{XqbAtptp{t
En+1t := ‖f(t
n+1) − S∆tf(t
n)‖L∞ ≤ C(T )∆t
3 / 5±¥X D 0
¶_u_ÆAq¬?bb)lªnvua!%nvb]{Xqnp_5bbAqZnpu¥tpbm{a!}uq
Ω
rlvu¥qbAaHa!!m± 5µ / uu 03lvX+bmuxlvAtvbAnvu°)%npu¥{Xqb)tvtp{t
En+1s := ‖(TxT
n
v Tx − S∆t,ε)f
n‖L∞(Ω̂n+1)¶_u_Hlªu_Znvjmu¥»?b)tpl¨©tp{a ¶_«%n¶Xltv{X«{Zlªb]uqHlvb)+nvu{q - ± Y¬5r5nzulaH{tpbtvb)¥b)CqZnnp{£{Xr5tS}ua!lAµ













c . / 5±¥X)0¢ )+{Xtpmuq53nv{ / 5±¥XB80+µ5¶b5b)+{XaH«{Zlªb
En+1s ≤ ‖TxT
n
v (I − PMn1 )Txf





+ ‖Tx(I − PMn
3
)fn2 ‖L∞ + ‖(I − PMn+1)Txf
n
3 ‖L∞
≤ C (1 + |fn|W 1,∞) ε,
/ 5±¥C}0





















n)) − En‖L∞ |Txf(t
n)|W 1,∞ .
dYlªuq5!np_5bAq / m±)L0¤ / m±) D 0µ?¶b(_Cb ‖Ẽ(Txf(tn)) − En‖L∞ ≤ C(T )(en + ε) µ«¶_5u¥b / «± L D 0µ/ m± X0£q / m±]0£Xu¥Xb |Txf(tn)|W 1,∞ ≤ C|f(tn)|W 1,∞ ≤ C(T ) ±,F%nv_bAtpu¥q5nv_b)lvbb]lonpu¥a!}nvb)l)µ¶blªb)b£nv_}n
En+1c ≤ e
n(1 + C(T )∆t), / m±]510
¶_u_nv{Xb+np_5bAt¶u¥nv_ / m± D 0o¤ / m±]0jku¥b)5l
en+1in ≤ e
n(1 + C(T )∆t) + C(T )[∆t3 + ε (1 + |fn|W 1,∞)]
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b]lonpu¥a!%npb)l£{}¨¬«{nv_ {rmnvnvbAt / m±0£quqlvumbbAtptp{tl
/ }¬?{%bB0µm¶bYº«q
en+1 ≤ en(1 + C(T )∆t) + C(T )[∆t3 + ε (1 + |fn|W 1,∞)] / 5±¥C0
q¶ba!Cj}xlv{tpb))} / m± - 0H7
|fn+1|W 1,∞ ≤ |f
n|W 1,∞(1 + C(T )∆t) + C(T )∆t e
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 bnvb)lªnvb]K{Xr5t!lv_bAaHb¶u¥nv_·nv_5b¾AXlvlvu)}	lªb)aHu¸¤§Xrlvlvux}q ¬?b)}a lvua(r5x%npu¥{Xq9µz¶_5ux_Kuxl ² q5{%¶q
np{QmbAXbA{nv_u¥qlªnvtprnpr5tpb)luqÆnv_5b(5_lvblvAb± <b]A}r«lªbnp_5brlvr}0u¥q5u¥nvux}lªb)aHu¸¤§Xrlvlvux}q%np
fsg := a exp(−(v/b)2)  [−c,c]×R
ulq5bAu¥nv_bAt+{qZnpu¥qkr5{XrlAµCq5{Xt0_Xl$¬«{Xr5qmb](lvr55?{tvn)µC¶btvb)5x+b]
u¥n$¶u¥nv_
f0 := a exp(−(v/b)














































B 5   Â   Â  ½  	5m 	 © ¿ # <b]A}r«lªb	np_5bYlp_5bAaHb$uxlq5{}nA{qlvbAtp%%npu¥Xbµu¥n¶	lzu¥qZnvb)tvb]lonpu¥qnv{(lvbAb
_{%¶¶bA / {Xt_5{%¶¬«0£np_5b!a!lpl{}¨nv_blª{X¥r5nvu{qluxl5tpb)lvbAtpb]uq 5tpXnpuAb / ¨©tv{Xaguq5b)wZr¥u¥noj







∆t / b+¨ÚnH0µS}q« }Xu¥q«lonnv_blªu°Ab N {}¨	nv_blplª{mAu}nvb)ÈaHb)lv_5b)l¨©{t¬?{}np_¯5mnvubQq r5q5u¥¨©{tpalv{rmnpu¥{Xql / tvu_Zn0+± 4êq¬«{nv_È)lvb)l1¶b3{¬lvbAtpbnp_%nYnv_5bX ² {¨M+{Xqlªb)tv%}nvuZu¥nojnvbAq«5l$np{°)bAtp{lnp_5blvu¥°)b£{¨0np_5baHb)lv_5b)luqAtvb]lvb)l)±
ßß ÛTää]ñªå
- L   	H   #=+!3     (*   * 	'

		








L∞ / b+¨ÚnH0z}q« L1 µ
L2 / tpu_Zn0	uq¾{tmb)tnv{QXbAtpu¸¨©jnv_}n1{rtYlªnvt%nvb)jlv{Q_u¥b)b)l$q5uAb(+{XqkbAtpb)q+b£t%nvb]l$uqÆnv_5b]lªbaHbAnvtpu)lA±^	_5b(+{XaH5rmnvb]Æ¥b]lªn1lvwZrtvblv¥{X«b]l$}tpblv¥u_Znvj¬?b+nvnvb)t$nv_«}q¾b+´m?b)+nvb)¨©tp{a b)lªnvua!%nvb
/ - ± L0+±
   ¯ S  Â   ½  © ¿ # 4êq{Xtp5bAtnv{H}55t}uxlvb$nv_bYtpbAbA%}q«+b£{}¨lvb)+nvu{q - ± mµ5}qu¥q}tvnvux+r5x}t
b]lonpu¥a!}nvb / - ±Ñm60+µS¶bQtpbAtvb]lªb)qXnpb) {q¯ºr5tpb>8np_5b L∞ bAtptv{Xt}Xu¥q«lonnp_5bA{aH5rmn%npu¥{Xq}Snpu¥aHb




















 0  1  2  3  4  5
∆t = 0.05    
∆t = 0.033  
∆t = 0.025  
∆t = 0.02    















¨©{t$X5}mnpu¥Xb£lv{rmnpu¥{Xql / b+¨ÚnH0	}qmlA±aHb)lv_ÆA}tmuq}u¥noj N ¨©{t¬?{}np_Ær5q5u¥¨©{tpa&}qÆX5}mnpu¥Xb£lv{rmnpu¥{Xql%n

































L∞ / ¥bA¨Ún0(}q L1 µ L2 aHb+nptvuxAl
/ tvu_ZnH0Mml)± ∆t uq{¤E{lv)}b1¨©{Xt T = 1.5 / lv{?b)l}tpb 2.44, 2.61 q 2.48 tpb)lv9± 03}q« T = 4.5






























N / b+¨ÚnH0}q+5rnvuab£uqaHu¥qkrmnpb)l / tpu_Zn0Mu¥q¥{X}¤§¥{XlpA¥b£¨©{Xt¬«{nv_¾5mnvub}q«rq5u¸¨©{Xtva lª{X¥rmnpu¥{Xql)±
ẽN = ‖fN − fNL ‖L∞






‖fNL − f(T )‖L∞
{X¬mnpu¥q5b]XlS¨©{{%¶$l7¬«b]Arlªb1nv_5b£bAtptp{tl













¬kj¯bA´Znptp«{X}nvuq5Ènv_5{ZlªbMNv+{Xtplvbtpu5l O55tp{X_b)¯b)tvtp{tl)± ^	_5uxlHuq·npr5tpq ¬?{rq5l
np_5bÈXAAr5tpX+j·{}¨nv_5b 5mnvubÈlª{X¥rmnpu¥{XqlQ¬kj}¬?{%bXµ    :	'1*R  R  E   
 	 K*+
fL
*  C !@ B
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f(tn+1, x, v) = f(tn, X(tn), V (tn))
ßß ÛTää]ñªå
-D   	H   #=+!3     (*   * 	'

		
Ä ur5tpb D 7	+{XaH}tpulv{qÆ{¨np_5b(aHb]lª_5b]l$tpb)lvr5¥nvuq5H¨©tv{Xa&np_5b3X5}5nvublp_5bAaHb / r5 0$qÆ¨©tp{a nv_5bA{aH5tpb)lplªu{q
Aε
{¨np_5bQº«q5b)lªn3r5qu¸¨©{Xtvalª{X¥r5nvu{q / ¬?bA{%¶=0µS}n T = 0.05 / b+¨ÚnH0(q T = 10.05
/ tvu_ZnH0±
¶_bAtpb
(X, V )(s) = (X, V )(s; tn+1, x, v)
uxlHnv_5bÈu¥qZnpbAt}$Ar5tpblv{rmnvu{q{}¨ / ± 0Hnv_}nlv}nvuxlo¤º«b)l







X̃(tn; tn+1, x, v)
}q
Ṽ (tn; tn+1, x, v)
mb+º«q5b) uq / m±Ñ80µ¶bÆ_CXb
S∆tf(t
n)(x, v) = f(tn, Xn, V n)






‖f(tn+1) − Sf(tn))‖L∞(Ω) ≤ |f(t
n)|W 1,∞(Ω) (|X(t
n) − Xn| + |V (tn) − V n|)








|Xn − X(tn)|, |V n − V (tn)|
)
≤ C(T )∆t3. / 8m±¥C%R0
AYbAq{}nvuq5
EX(t) := E(t, X(t))
nv_5bb+´5+n£º«bAx }{q5nv_bQ_}t+nvbAtpuxlonpu+r5tpbXµ0¶bHrlªbQXu¥q
bAaHa!Y5± - nv{Xb+np_5bAt¶u¥nv_3nv_5b	_}t+nvb)tvuxlonpub]wZr%npu¥{Xq / X± 0:np{Y¬?{r5q«nv_bM¨©{X¥{%¶u¥q$nvuaHb5bAtpu¥%%¤npu¥Xb)l / ¨©{t$+{Xq+uxlvb£q{}np}nvu{ql)µknv_b ‖ · ‖∞ q5{tpa³_5b)tvbmb)q5{}npb)l ‖ · ‖L∞([0,T ],L∞([0,1])) 0
‖EX‖L∞([0,T ]) ≤ C(T ) / 8m±¥C0
‖ĖX‖L∞([0,T ]) ≤ ‖∂tE‖∞ + ‖V ‖L∞([0,T ])‖∂xE‖∞
≤ ‖∂tE‖∞ + Q(T )‖∂xE‖∞ ≤ C(T )
/ 8m±¥CL0
‖ËX‖L∞([0,T ]) ≤ ‖∂
2
ttE‖∞ + 2‖V ‖L∞([0,T ])‖∂
2
txE‖∞
+ ‖V 2‖L∞([0,T ])‖∂
2
xxE‖∞ + ‖E‖∞‖∂xE‖∞ ≤ C(T ).
/ 8m±¥C80
 bmb]+{aH?{Xlvb1np_5bAq








n+1) − X(tn) − v∆t + ∆t2/2 EX(t
n+1/2)
E2 := E(t
n+1/2, x − v∆t/2) − EX(t
n+1/2)
E3 := Ẽ(Txf(t
n))(x − v∆t/2) − E(tn+1/2, x − v∆t/2)
q
tn+1/2 = (n + 1/2)∆t
±Shmu¥aHutvjµ
V n − V (tn) = V (tn+1) − V (tn) − ∆t Ẽ(Txf(t
n))(x − v∆t/2)
= E4 + ∆t(E2 + E3)
¶u¥nv_
E4 := V (t
n+1) − V (tn) − ∆tEX (t
n+1/2).4§n$tpbAa!u¥qlnp_5bAqnv{!tv{%Xb
|E1| ≤ C(T )∆t
3, |E2| ≤ C(T )∆t
2, |E3| ≤ C(T )∆t
2 and |E4| ≤ C(T )∆t
3.
ßß ÛTää]ñªå

























n+1/2) − EX(s)) ds dt.
Ä tv{Xa / 8m±¥CL0+µ5¶blvbAbnp_%n
|EX (t
n+1/2) − EX(s)| ≤ |ĖX |L∞([0,T ])|t
n+1/2 − s| ≤ C(T )∆t,
¶_u_jku¥b)5l









n+1/2) − x + v∆t/2|








|V (tn+1) − V (t)| dt
≤ C(T )‖EX‖L∞([0,T ])∆t
2 ≤ C(T )∆t2







K(x − v∆t/2, y)
∫






























/ 8m±¥C D 0
¶_bAtpb






n + ∆t/2 − s
q






















B(s, y, v) := −E(ts, ys(v))∂vf(ts, ys(v), v)
µ9np_5uxlXlonb]wXr«}u¸nojA{aHu¥q¨©tp{a/np_5bH­1xlv{%
b]wZr%npu¥{Xq9±c1{%¶µ}u¥q«lonpb)({}¨?¶tvu¥nvuq5£5u¥tpb)+na!}|o{t%nvu{qnv_}n¶{r(ub
|E3| ≤ C(T )∆t / ¶_u_uxl	q5{n$bAq5{Xr5_ 0+µm¶buqZnvbAXtp}nvb¬kjQtªnl
∫










[f(ts, ys(v), v)] dv
=
∫
E(ts, ys(v)) · (−s∂xf + ∂vf)(ts, ys(v), v) dv,
¶_u_jku¥b)5l
∫
B(s, y, v) dv = −s
∫
[∂xE(ts, ys(v))f(ts, ys(v), v)
+ E(ts, ys(v))∂xf(ts, ys(v), v)] dv.








































C(T ) dv ≤ C(T )∆t2,
¶_u_nv{Xb+np_5bAt¶u¥nv_ / 8k±] D 0jkubAx5l |E3| ≤ C(T )∆t2 ± Ä {Xt	nv_5b¨©{Xr5tvnv_nvbAtpaÆµ5¶bYº«q}¥j_Cb
E4 = V (t






n+1 − t) + EX (t






n+1 − t) − EX (t
n+1/2) + EX(t








n+1 − s) − ĖX (t
n + s)] ds dt,
¶_u_jku¥b)5l
|E4| ≤ ∆t
3‖ËX‖L∞([0,T ]) ≤ C(T )∆t
3
XAA{tmu¥q(np{ / 8k±]8B0+µ5qnv_5b5tp{k{}¨ulA{aH5b+nvbX± 2
 &    M A9 9 	 	 
$b)A¥uq5nv_}n£np_5bQ+{Xqlªnvtprnpu¥{XqÈ{¨
T(M,F)
a! ² b)l£rlvb!{}¨nv_5b!¬« ² ¶tp¥b)bA
`∗
mb+º«q5b) uq
/ - ± -- 0+µSu¸nHuxl(tpb)Xmu¥j.lªb)bAq np_%nH}qkj AbA α uq¯np_5buqZnvbAtpaHb)mux%npb / q5{q¯XtpXmb) 0aHb)lv_ T̃(M,F)lp%npulªºb]l
`∗(M,F , α) ≤ `(α). / 8k±]0
ßß ÛTää]ñªå















(x∗, v∗) := F−1(cα) = (xα, vα − G(xα))
(x̃∗, ṽ∗) := F−1(cα̃) = (xα̃, vα̃ − G(xα̃)),






`(η) ≤ `(α), / 8k± - 10
¶_u¥b$u¥nMulztvb]mu¥jlªb)bAq¨©tp{a / 8k±]0S}5¥ub)np{ α̃ nv_«%nqZj η̃ ∈ M A{qZnpu¥qu¥q5 (x̃∗, ṽ∗) lp%npulªºb)l
`(η̃) ≤ `(α̃). / 8k± - 0
¢ )+{Xtpmuq53nv{ / 8m±¥ - 0+µ5¶bYº«tplªn_Cb
x∗ = xα ∈ αx ⊂ α̃x ⊂ η̃x, / 8m±¥ -- 0
¶_bAtpb£¶b_Cb£rlvb) / 8m±¥ - 0¨©{Xt	nv_5bxlªnu¥qA¥r«lªu{q9± Y¬«lªb)tvkuq5(np_%n
max(|xα̃ − xα|, |vα̃ − vα|) ≤ (2
−`(α̃) − 2−`(α))/2,
¶b+{Xarmnvb
|ṽ∗ − v∗| ≤ |vα̃ − vα| + |G(xα̃) − G(xα)|
≤ |vα̃ − vα| + |xα̃ − xα|/2
≤ (2−`(α̃) − 2−`(α)) · 3/4
< 2−`(α̃)(1 − 2−(`(α)−`(α̃)))
< 2−`(η̃)(1 − 2−(`(α)−`(α̃))),
/ 8m±¥ - R0







tvb]+uxlªb)¥jXµm¬«b]A}r«lªb / 8m±¥ - 0tpb)X5l











`(η) ≤ `(η̃) + `(α)− `(α̃).









x ∈ αx and |v + G(x) − vα| ≤ 2








x ∈ ηx. / 8m±¥ - L0
dYlªuq5!}Z}uq / ± D- 0Aµm¶b£np_5bAqA{aH5rmnpb
|v − v∗| = |v − vα + G(xα)|
≤ |v + G(x) − vα| + |G(xα) − G(x)|
≤ (2−`(α) + |xα − x|)/2
≤ 2−`(α) · 3/4
≤ 2−`(η) · 3/4,
/ 8m±¥ - 80















0±È~{Xa(¬5uq5uq5Ænv_ul({¬lvbAtp%%nvu{q.¶u¥nv_ / 8k± - L0}q / 8k± - 80µ¶bQº«q np_%nH}qkj lªr_
β
a(r«lon¬«bÆmtC¶q¯u¥q·lª{X¥ux u¥q5b]l{q np_5ul(ºXr5tvbXµS¶_5ux_¯a! ² b]l / ± D 0{X¬kZu{r«l / Æ+{XlvbAt]µ:jb+nnpb)mu{rl{k{ ² lv_5{%¶$lYnv_«%nnv_b{Xmnvua!}zA{qlªnpqXnuxl80+±  bQ}xlv{A¥b]}tp¥j_«Cb
`(β) ≤ `(η) + 2











F̃ (M,F , β) =
{
α ∈ T̃(M,F), F−1(cα) ∈ β
}
ßß ÛTää]ñªå
X   	H   #=+!3     (*   * 	'

		





`(β) ≤ `(α), for any β ∈ M, α ∈ F̃ (M,F , β). / 8m±¥ -D 0
^	_b¨©{¥{%¶uq5!bAaHa!lªnp}nvb)lY}q¾uqkbAtlvbu¥q5b]wZr}u¸nojXµ¶_5ux_}{%¶$l	nv{Q¬?{rqÆnv_b3Atp5u¥q¥u¥noj{¨
np_5blvb+npl
F̃ (M,F , β)
±
B½  ¯  D#1% # 3	'6(@K*+EB( .3  ! !/. 
! / ± D- 0 *6 C*+B












Q	'6 2 F£ub)qnp_5bb)q5bAtpux1¨©{Xtva / ±P8C0{}¨ F µ F−1(cα) ∈ β tpb)l
xα ∈ βx / 8m±¥)B0
vα − G(xα) ∈ βv / 8m±¥)Z0









F−1(cα̃) ∈ β̃ / 8m±¥) - 0
q
`(β̃) ≥ `(α̃) + 1 = `(α),
_5b)q+b











±Sc${%¶¨©tp{a / 8m±¥) - 0¶b_Cb
xα̃ ∈ β̃x
µqQnp_5bAtpb+¨©{Xtvb















2−` − 1/2 · (2−`(β) + 2−`(β̃)) = 3/2 · 2−`(β)(1 − 2−k)
¶_bAtpb






np_5blªnp}¬u¥u¸noj+{q«mu¸npu¥{Xq / ± D- 0jkubAx5l
|vα − vα̃| + |G(xα̃) − G(xα)| ≤ 1/2 · 2







|vβ − vβ̃ | ≤ |vβ − vα + G(xα)| + |vα − vα̃| + |G(xα̃) − G(xα)| + |vβ̃ − vα̃ + G(xα̃)|
≤ 1/2 · 2−`(β) + 3/4 · 2−`(α) + 1/2 · 2−`(β̃) ≤ 1/2 · 2−`(β)(1 + 3/4 + 2−k),
¶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|xα − xβ | ≤ 1/2 · 2
−`(β)
|vα − vβ − G(xβ)| ≤ |vα − G(xα) − vβ | + 1/2|xα − xβ | ≤ 3/4 · 2
−`(β),












#(F̃ (M,F , β)) ≤ C#(M),
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